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1. INTRODUCTION 
If x1(t),..., am are linearly independent solutions of the n-th order scalar 
equation 
Lx = XC") + pl(t)x("ml' + ... + pn(t)x = 0, 
then it follows from variation of parameters that u(t) is a solution of 
Lu =f(t, u, u',..., ZP-1)) 
if and only if 
u(‘)(t) = -f c,(t) xj’)(t), O<r,<n-1, (3) 
3=1 
where [cl(t),..., en(t)] is a solution of the system 
c,I = (-W’Yr(~>f (4 ,g x,(t) c, ,..., f Xy’(t) CJ, l<r<n, (4) 
3=1 
with 
yr(t) = 
VXl ,-*-> XT-1 , x,+1 ,..., 4 
W(x, , x2 )..., x ) . 12 
(5) 
[Here W(X,~ ,..., x~,) is the Wronskian of xzl ,..., xtL .] 
The asymptotic behavior of the coefficients cl(t),..., c,(t) has been 
extensively investigated. For example, there are many results which give 
conditions on f sufficient to guarantee the existence of 
cj(m) = J-2 cj(t)t 1 <j<% (6) 
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for some or all of the solutions of (2). Any solution of (2) for which these 
limits exist behaves asymptotically like a solution of (l), in the sense that 
40 = f c,(a) %@> + ouqt)), 
3=1 
where 
M(t) = m4l ~l(~>l,..., I4t>l>. 
[Throughout this paper, g(t) = o(h(t)) means that g(t) and h(t) are defined 
and h(t) > 0 for sufficiently large t, and lim,, g(t)/h(t) = 0.1 
In general, the estimate (7) cannot be improved. However, we shall show 
below (Remark 1, Section 3) that it can always be improved if n > 1 and (1) 
is disconjugate (i.e., has no solution with more than 71 - 1 zeroes, counting 
multiplicities) on [0, co). Moreover, this conclusion does not require any 
assumption on f other than continuity; it is valid if only the limits (6) exist, 
for whatever reason. 
For example, consider the second-order equation 
d + P(G =“f@, % u’), (8) 
where the unperturbed equation 
xw + p(t)x = 0 
is nonoscillatory, and therefore [4, p. 3551 has positive solutions xi(t) and x&t) 
such that 
x1w = 4w>. (9) 
If 
44 = Cl(~)~l(~> + 4%W 
is a solution of (8), where cl(t) and es(t) are obtained by variation of parameters 
and ci(co) and ca(o3) exist, then it follows immediately from (9) that 
u(t) = Cl(~>~lW + Cz(~>%(~) + 4%W (10) 
However, Remark 2 of Section 2 implies that (10) can be replaced by the 
sharper estimate 
Remark 2 also implies that if ca( co) exists, then 
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whether cr(co) exists or not. Neither of these results requires any assumptions 
on f, other than continuity. 
Willett [12] has previously pointed out that the asymptotic theory of 
perturbed disconjugate equations merits special attention, and has generalized 
results of Hale and Onuchic [2], Locke [7], and Waltman [lo, 111 for 
Lx = ~(~1, and of Halanay [I] for nonoscillatory second-order equations. 
Willett’s results are based on Hartman’s investigations of principal solutions 
of disconjugate n-th-order lmear equations [5], and on a rather general 
smallness condition on f. Our Theorem 4, in Section 4, is related to Willett’s 
results, but not contained in them. 
2. PRINCIPAL SYSTEMS 
The essential feature underlying the distinction between the asymptotic 
theory of perturbed disconjugate equations and that of other perturbed 
linear equations can be stated as follows. 
LEMMA I. If pi(t) ,..., p,(t) are continuous and (I) is disconjugate on 
[0, co), then (1) has solutions xl(t) ,..., x,(t) which are positive for sz@ciently 
large t and satisfy 
44 = o(xs(th r < s. (11) 
If %(%.., xn(t) have these properties, then yI(t),..., m(t), de$ned by (5), are 
also positive for suficiently large t, and 
YTW = 0(Y&))~ s < r; (14 
moreover, 
(YJYJ < 09 s < r, (13) 
for st@ciently large t. 
This lemma is simply a restatement of the pertinent parts of a result of 
Levin [6, Theorem 2.11. It is also contained in the work of Hartman [5] and 
Willett [12]. Following Willett, we shall say that a set of solutions xl(t),..., x,(t) 
with these properties is a principal system for (1) on [0, CD). It seems appro- 
priate to call m(t),..., yl(t) (note the reverse order) the adjoint principa2 
system associated with xl(t) ,..., xJt), since m(t) ,..., yl(t) form a principal 
system for the formal adjoint equation 
y(n) + f (-])"-qp3y)M = 0, if p3 E C(+,)[O, co). 
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3. ASYMPTOTIC RESULTS WITHOUT CONDITIONS ON f(t, u,..., ~(~-1)) 
In this section we present results on the asymptotic behavior of solutions 
of (2) which do not require any smallness conditions on f(t, u,..., zP-I)). 
Specifically, our assumptions are as follows. 
ASSUMPTION A. Let xl(t),..., x,(t) be a principal system for (1) on 
lo, a>, and let Y&L y,(t) b e as defined by (5). Suppose f(t, u,..., zP-r)) 
is continuous for t 2 0 and ---co < zl(r) < CO, 0 < r < PZ. Let u(t) be a 
solution of (2), defined for all t sufficiently large, and let cl(t),..., cm(t) be the 
parameter functions defined by (3) and (4). 
THEOREM 1. Suppose Assumption A is satisjied and 
c,(co) = & c%(t) exists ($nite) 
for some i in {I,..., n}. Then 
(a) If i < 71, then c%+~( co),..., cn( CO) also exist, and 
cdt) = 4~) + 4YMYm i<jjn. 
(b) If i > 1, then 
c,(t) = dY,(t)/Y*W I <j<i-1. 
Proof. (a) Suppose u(t) is defined for t 3 to . From (4), 
(14) 
(15) 
(16) 
where 
g(t) = (-1>a-dyz(t)f(t, u(t),..., .(+1’(t)). 
Hence, (14) implies that scg(s) ds is convergent. From (12), (13), and 
Dirichlet’s test for convergence of improver integrals, [8, p. 211, the integral 
s yy%g(s) ds = J; y,(s) f (s, u(s),..., dn-l,(s)) ds 
is convergent for j > i and t sufficiently large. This and (4) imply that 
C*+d~),..., c,(co) exist, and 
c,(m) - c,(t) = (-1)&-J sp#g(s) ds, i + 1 <j < n. (17) 
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Now define 
and rewrite ( 17) as 
G(t) = - j: g(s) ds, 
c,(co> - c3(t) = (-I)"-' j; $j G'(s) ds 
= (-lpy~ G(s)\; - jr G(s) ($f) ds. (18) 
Let 
H(t) = max(I G(s)/ 1 s > t); 
then, from (12), (13), and (18), 
for t sufficiently large. This yields (15), since 
H(t) = o(1). 
(b) Suppose 1 < j < d. For tr sufficiently large and t > t, , 
665 
cl(t) = c&l) + (-I)"-' j: $#,, ds 
= cdt1) + C-l>“-’ y,(s) [m G(s) 11, - j:, G(s) (s)’ ds]. 
Hence, from (13), 
I c,(t)1 < I c&J + $f I G(t)J + $$+ I %)I 
z 2 1 
Y,(h) 
+ Wl) ($$+ - Ye(tl) 1 7 
t > t,. 
Now (12) yields 
EZ I c&)1 < Wt,), j < i, 
for all sufficiently large t, , and (16) follows from (19). This completes the 
proof of Theorem 1. 
The next theorem follows immedrately from Theorem 1. 
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THEOREM 2. Define 
Suppose Assumption A holds and cL(w) exists. Then c,(a) exists for i < j < n, 
and 
u(‘)(t) = i c,(a) x)-‘(t) + o(m&>), O<r<n-1. (21) 
3=2 
Remark 1. For E = 1 and r = 0, (21) becomes 
44 = f c,(a) x,(t) + O(%clW)~ (22) 
1-l 
while the general estimate (7) becomes 
because of (I 1). Since 
(22) is sharper than (7). 
Remark 2. If, m addition to Assumption A, (1) is self-adjoint, then 
x1(t),..., xJt> and m(t),..., n(t) are both principal systems for (1). Therefore, 
lim Y3(t) = a, , 
t+m xn-3+1@) 
1 Qj<n, 
where 0 < a, < co [6, p. 591, so that Theorem 2 remains valid with (20) 
replaced by 
The powers 
x3(t) = t’-l/([j - l)!], 
form a principal system for 
Lx = X(n), 
with associated adjoint principal system 
y,(t) = t-/L@ -i)!], 1 <jjnn. 
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Application of variation of parameters to 
u(n) =f(t, u,..., u(+l)> 
yields 
(23) 
u(‘)(t) = i c,(yj “‘yz ,>, O<r<n-1, (24) 
J=r+l 
which obviously implies that 
zP’(t) = i c,(a) (j “,‘-’ ,>! + o(t”-P-l), O<r<n-1, 
,=r+1 
if cl(W),..., c,(a) exist; however, Theorems 1 and 2 yield the followmg 
sharper result. 
THEOREM 3. Letf (t, u ,..., u(“-l)) be continuousfor t > 0 and-co < u@) < CO, 
0 < Y < n. Let u(t) be a solution of (23), de$ned for all suficiently large t, 
and let q(t),..., cJt) be defined by (24). Finally, suppose c,( CO) exists for some i in 
u,..., n). Then 
(a) If i < n, then c,+~(co),..., c,(m) also exist, and 
5(t) = c,(a) + o@-$ i<j<n. 
(b) If i > 1, then 
q(t) = O(P)), I <j<i-1. 
(c) Moreover, 
zqt) = i c,(cQ) 
p-r-1 
(j _ y _ I>! + o(tZ-T-l)y Odr<n-1. (25) 
3=max(hr+l) 
4. ASYMPTOTIC RESULTS SUBJECT TO CONDITIONS ON f(t,u,...,d+-l)) 
In this section we impose a smallness condition on f (t, u,..., @-I)), as 
follows: 
ASSUMPTION B. The perturbing function in (2) satisfies the inequality 
1 f (t, 24, u’,..., u(+-1) >I < p(t, I u I, I u’ I,...> I U(n-l)l), 
where p(t, h, , h, , . . ., positive, and nondecreasing in each 
The following lemma from [9] will be useful here. 
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LEMMA 2. Let C = [cl ,... , c,] and suppose h(t, C) is an n-vector function 
de$ned on [0, a) x Rn. Let the n x n matrix Z(t) be nonsingular and continuous 
on J = [to , co) for some to 3 0, and suppose lim,,, Z-l(t) exists and 
II -ww-(tl)ll < M, t, b f, 3 fo , 
for some constant M. Suppose further that 
II -?t)h(t, C)ll < w(t, II -Tt>C II>, (4 C> E I x R”, 
where w(t, h) is continuous and positive on J x [0, co), nondecreasing in h for 
each t, and satisfies 
i‘ 
cc 
w(t, X) dt < w, h 3 0. 
Then, for each h > 0, there is a T = T(h) such that any solution of 
which satisfies 
C’ = h(t, C) 
II -ww(tl)ll < h 
(24) 
for some t, 3 T is continuable to infinity, and lim,,, .F(t)C(t) exists. Moreover, 
if c > 0 and V is an arbitrary n-vector, there is a solution of (26), de$ned for 
all sujkiently large t, such that 
k: I/ z-l(t)(C(t) - V)ll < E. 
THEOREM 4. Let Assumptions A and B be satisfied. Let 2 < i < n, and 
dejne 
(27) 
44) = max iI 
YlW x~‘w 
YSQ I I 
),..) Yz-At) cl(t) 
Y%(t) 
I) I x!‘)(t)l,..., I x:‘(t”/. (28) 
Suppose that 
s m ydtlp(t, hd ) ..., 4+-dt))dt < w, h> 0, (29) 
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for some i an {2,..., n}. Then, for each X > 0, there is a T = T(h) such that any 
solutzon of (2) which satisfies 
for some t, > T ip continuable to injkity and satisfies 
u(‘)(t) = f q(a) $‘(t) + o(m&)), O<r<n-1, (30) 
I=& 
where C,(W),..., C,(W) are jinite constants and mJt) is as defined by (20). 
Moreover, if yz ,..., yn are arbitrary real numbers and E > 0, there is a solution 
Proof. Define the vectors 
and Y(t) = (-l)“-’ 
and the n x n matrix 
of (2), de&id for su&iently large ;, which satis$es (30) with. 
I 4~) - YJ I < E, i<j<n. 
ZZ(t) = diag Yl@) Yz-1(t) 1 - 1*.., YE(t) , ,*.a, 1 
Y%(t) 
(31) 
I (32) 
(33) 
which satisfies the hypotheses of Lemma 2, because of (12) and (13). From 
(4), C(t) is a solution of (26), with 
W, C) = f (t, j$l x,(t) c, ,..., f $-l’(t) c?) y(t). 
3=1 
Let the norm of a vector be the sum of the absolute values of its compo- 
nents. From (12), (32) and (33), 
II em Y(tli < nr&> 
for sufficiently large t. This and Assumption B, along with (34), imply that 
II -G’(t) h(t, C>ll < wz(t> p(t, tL&) II -C(t) C /Iv.., elm-l(t) II -G’(t) C II). 
Since 
Z;‘(t) C(t) = co1 y%;;;;t) ,..., yz’:)‘(t:t) 
I , c*(t),**., G(t) 21 I 
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and 
ul(t) = II -Cl(t) C(t)li, 
the proof can be completed by applying Lemma 2 and Theorem 2. 
Remark 3. IfLx = x(“), then (29) reduces to 
J’ 
co 
t”-“p(t, M-l,..., At, A) dt < 00, h 3 0, 
and (30) reduces to (25). This special case of Theorem 4 generalizes results 
obtained (with i = n) by Hallam [3, Theorem 2.11, Locke [7, Theorem 11, 
Trench [9, Theorem 31 and Waltman [lo, Theorem 1; 11, Theorem 11. 
Remark 4. Theorem 4 also holds for i = 1, if (27) and (28) are interpreted 
as 
and 
h.(t) = max{l $)(t)l,..., I 4$(t)l>. 
However, it follows from Theorem 1 of [9] that the conclusion can be 
strengthened in this case; namely, (31) can be replaced by 
c,(m) = Y3 5 1 \(i<K 
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